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Abstract. We apply the non-commutative Fourier transform for Lie groups to formulate
the non-commutative metric representation of the Ponzano–Regge spin foam model for 3d
quantum gravity. The non-commutative representation allows to express the amplitudes
of the model as a first order phase space path integral, whose properties we consider. In
particular, we study the asymptotic behavior of the path integral in the semi-classical limit.
First, we compare the stationary phase equations in the classical limit for three different non-
commutative structures corresponding to the symmetric, Duflo and Freidel–Livine–Majid
quantization maps. We find that in order to unambiguously recover discrete geometric con-
straints for non-commutative metric boundary data through the stationary phase method,
the deformation structure of the phase space must be accounted for in the variational cal-
culus. When this is understood, our results demonstrate that the non-commutative metric
representation facilitates a convenient semi-classical analysis of the Ponzano–Regge model,
which yields as the dominant contribution to the amplitude the cosine of the Regge action in
agreement with previous studies. We also consider the asymptotics of the SU(2) 6j-symbol
using the non-commutative phase space path integral for the Ponzano–Regge model, and
explain the connection of our results to the previous asymptotic results in terms of coherent
states.
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1 Introduction
Spin foam models have in recent years arisen to prominence as a possible candidate formulation
for the quantum theory of spacetime geometry (see [48] for a thorough review). Their formalism
derives mainly from topological quantum field theories [2], Loop Quantum Gravity [55, 60] and
discrete gravity, e.g., Regge calculus [51]. On the other hand, spin foam models may also be
seen as a generalization of matrix models for 2d quantum gravity via group field theory [22, 44].
For 3d quantum gravity, the relation between spin foam models and canonical quantum gravity
has been fully cleared up. In particular, it is known that the Turaev–Viro model [61] is the
covariant version of the canonical quantization (a` la Witten [53, 62]) of 3d Riemannian gravity
with a positive cosmological constant, while the Ponzano–Regge model is the limit of the former
for a vanishing cosmological constant [1, 40, 41] (see also [42, 43, 50] on incorporating the
?This paper is a contribution to the Special Issue on Deformations of Space-Time and its Symmetries. The
full collection is available at http://www.emis.de/journals/SIGMA/space-time.html
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2 D. Oriti and M. Raasakka
cosmological constant in 3d LQG and [56, 57] for further work on relating 3d gravity to Chern–
Simons theory and quantum group structures). In this case, the spin foam 2-complexes have
been rigorously shown to arise as histories of LQG spin network states, as initially suggested
in [52], while the correspondence between LQG states and the Ponzano–Regge boundary data
had been already noted in [54]. However, in 4d the situation is less clear. Several different
spin foam models for 4d Riemannian quantum gravity have been proposed in the literature,
such as the Barrett–Crane model [7, 9], the Freidel–Krasnov model [23], a model based on the
flux representation [8], and one based on the spinor representation [19], while in the Lorentzian
case the Engle–Pereira–Rovelli–Livine model [20, 21] represents essentially the state of the art
(see also [47] for a review of the new 4d models). These 4d models differ specifically in their
implementation of the necessary simplicity constraints on the underlying topological BF theory,
which should impose geometricity of the 2-complex corresponding to a discrete spacetime mani-
fold and give rise to local degrees of freedom. Thus, a further study of the geometric content of
the different spin foam models is certainly welcome. In particular, one might hope to recover
discrete Regge gravity in the classical limit of the model, since this would imply an acceptable
imposition of the geometric constraints at least in the classical regime. Moreover, classical
general relativity can be obtained from the Regge gravity by further taking the continuum
limit, which allows for some confidence that continuum general relativity may be recovered
also from the continuum limit of the full quantum spin foam model. The Regge action is
indeed known to arise as the stationary phase solution in the 3d case in the large-spin limit
for handlebodies [17, 36]. In 4d, Regge action was recovered asymptotically first for a single
4-simplex [10] and later for an arbitrary triangulation with a fixed spin labeling, when both
boundary and bulk spin variables are scaled to infinity [15, 28, 30, 31, 32]. Recently, in [33, 34],
an asymptotic analysis of the full 4d partition function was given using microlocal analysis,
which revealed some worrying accidental curvature constraints on the geometry of several widely
studied 4d models. This work considered only the strict asymptotic regime of the spin variables,
without further scalings of the parameters of the theory. The work of [29, 38] on the other
hand dealt with the large-spin asymptotics of the EPRL model considering also scaling in the
Barbero–Immirzi parameter, with interesting results. In particular, the analysis of [29] used
also the discrete curvature as an expansion parameter and identified an intermediate regime of
large spin values (dependent on the Barbero–Immirzi parameter) that seems to lead to the right
Regge behavior of the amplitudes in the small curvature approximation.
Classically, spin foam models, as discretizations of continuum theories, are based on a phase
space structure, which is a direct product of cotangent bundles over a Lie group that is the
structure group of the corresponding continuum principal bundle (e.g., SU(2) for 3d Rieman-
nian gravity)1. The group part of the product of cotangent bundles thus corresponds to discrete
connection variables on a triangulated spatial hypersurface, while the cotangent spaces cor-
respond to discrete metric variables (e.g., edge vectors in 3d, or face bivectors in 4d, which
correspond to discrete tetrad variables due to the simplicity constraints). Accordingly, the geo-
metric data of the classical discretized model is transparently encoded in the cotangent space
variables. However, when one goes on to quantize the system to obtain the spin foam model,
the cotangent space variables get quantized to differential operators on the group. Typically
(for compact Lie groups), these geometric operators possess discrete spectra, and so the trans-
parent classical discrete geometry described by continuous metric variables gets replaced by the
1In this paper, we are concerned exclusively with the case of topological spin foam models with vanishing
cosmological constant. For non-topological models, such as 4d quantum gravity models, the physical configuration
space is a homogeneous subspace (or, including the Barbero–Immirzi parameter, a more general subspace) of a Lie
group, instead of a Lie group. Likewise, for a non-vanishing cosmological constant, the configuration space is
a quantum group. Therefore, in these cases the structure of the physical phase space is, strictly speaking, more
involved than what is implied above.
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quantum geometry described by discrete spin labels. This corresponds to a representation of the
states and amplitudes of the model in terms of eigenstates of the geometric operators, the spin
representation – hence the name ‘spin’ foams. The quantum discreteness of geometric variables
in spin foams, i.e., the use of quantum numbers as opposed to phase space variables, although
very useful to make contact with the canonical quantum theory, makes the amplitudes lose a di-
rect contact with the classical discrete action and the classical discrete geometric variables. The
use of such classical discrete geometric variables, on the other hand, has been prevented until
recently by their non-commutative nature.
However, recently, a new mathematical tool was introduced in the context of 3d quantum
gravity, which became to be called the ‘group Fourier transform’ [4, 5, 6, 7, 8, 16, 24, 25, 35, 45].
This is an L2-isometric map from functions on a Lie group to functions on the cotangent space
equipped with a (generically) non-commutative ?-product structure. In [27], the transform was
generalized to the ‘non-commutative Fourier transform’ for all exponential Lie groups by deriving
it from the canonical symplectic structure of the cotangent bundle, and the non-commutative
structure was seen to arise from the deformation quantization of the algebra of geometric op-
erators. Accordingly, the non-commutative but continuous metric variables obtained through
the non-commutative Fourier transform correspond to the classical metric variables in the sense
of deformation quantization. Thus, it enables one to describe the quantum geometry of spin
foam models and group field theory [5, 6] (and Loop Quantum Gravity [4, 16]) by classical-like
continuous metric variables.
The aim of this paper is to initiate the application of the above results in analysing the geomet-
ric properties of spin foam models, in particular, in the classical limit (~→ 0). We will restrict
our consideration to the 3d Ponzano–Regge model [11, 12, 49] to have a better control over the
formalism in this simpler case. However, already for the Ponzano–Regge model we discover non-
trivial properties of the metric representation related to the non-commutative structure, which
elucidate aspects of the use of non-commutative Fourier transform in the context of spin foam
models. In particular, we find that in applying the stationary phase approximation one must
account for the deformation structure of the phase space in the variational calculus in order to
recover the correct geometric constraints for the metric variables in the classical limit of the
phase space path integral. Otherwise, the classical geometric interpretation of metric boundary
data depends on the ambiguous choice of quantization map for the algebra of geometric oper-
ators, which seems problematic. Nevertheless, once the deformed variational principle adapted
to the non-commutative structure of the phase space is employed, the non-commutative Fourier
transform is seen to facilitate an unambiguous and straightforward asymptotic analysis of the
full partition function via a non-commutative stationary phase approximation.
In Section 2 we will first outline the formalism of non-commutative Fourier transform,
adapted from [27] to the context of gravitational models. In Section 3 we introduce the Ponzano–
Regge model, seen as a discretization of the continuum 3d BF theory. In Section 4 we then apply
the non-commutative Fourier transform to the Ponzano–Regge model to obtain a representation
of the model in terms of non-commutative metric variables, and write down an explicit expres-
sion for the quantum amplitude for fixed metric boundary data on a boundary with trivial
topology. In Section 5 we further study the classical limit of the Ponzano–Regge amplitudes
for fixed metric boundary data, and find that the results differ for different choices of non-
commutative structures unless one accounts for the deformation structure in the variational
calculus. When this is taken into account, the resulting semi-classical approximation coincides
with what one expects from a discrete gravity path integral. In particular, if one considers only
the partial saddle point approximation obtained by varying the discrete connection only, one
finds that the discrete path integral reduces to the one for 2nd order Regge action in terms of
discrete triad variables. In Section 6 we consider in more detail the Ponzano–Regge amplitude
with non-commutative metric boundary data for a single tetrahedron. We recover the Regge
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action in the classical limit of the amplitude, and explain the connection of our calculation to
the previous studies of spin foam asymptotics in terms of coherent states. Section 7 summarizes
the obtained results and points to further research.
2 Non-commutative Fourier transform for SU(2)
Our exposition of the non-commutative Fourier transform for SU(2) in this section follows [27],
adapted to the needs of quantum gravity models. Originally, a specific realization of the non-
commutative Fourier transform formalism for the group SO(3) was introduced in [24] by Freidel
& Livine, and later expanded on by Freidel & Majid [25] and Joung, Mourad & Noui [35]
to the case of SU(2). (More abstract formulations of a similar concept have appeared also
in [39, 58].) In our formalism this original version of the transform corresponds to a specific
choice of a quantization of the algebra of geometric operators, which we will refer to as the
Freidel–Livine–Majid quantization map, and treat it as one of the concrete examples we give of
the more general formulation in Subsection 5.1.2
Let us consider the group SU(2), the Lie algebra Lie(SU(2)) =: su(2) of SU(2), and the
associated cotangent bundle T ∗SU(2) ∼= SU(2) × su(2)∗. As it is a cotangent bundle, T ∗SU(2)
carries a canonical symplectic structure. This is given by the Poisson brackets
{O,O′} ≡ ∂O
∂Xi
L˜iO′ − L˜iO∂O
′
∂Xi
+ λ kij
∂O
∂Xi
∂O′
∂Xj
Xk, (2.1)
where O,O′ ∈ C∞(T ∗SU(2)) are classical observables, and L˜i := λLi are dimensionful Lie
derivatives on the group with respect to a basis of right-invariant vector fields. λ ∈ R+ is
a parameter with dimensions [ ~X ], which determines the physical scale associated to the group
manifold via the dimensionful Lie derivatives and the structure constants [L˜i, L˜j ] = λ kij L˜k.
Xi are the Cartesian coordinates on su(2)
∗.3
Let us now introduce coordinates ζ : SU(2)\{−e} → su(2) ∼= R3 on the dense subset
SU(2)\{−e} =: H ⊂ SU(2), where e ∈ SU(2) is the identity element, which satisfy ζ(e) = 0 and
L˜iζj(e) = δji . The use of coordinates ζ on H can be seen as a sort of ‘one-point-decompactifi-
cation’ of SU(2). We then have for the Poisson brackets of the coordinates4
{ζi, ζj} = 0, {Xi, ζj} = L˜iζj , {Xi, Xj} = λ kij Xk.
The Poisson brackets involving ζi are, of course, well-defined only on H. We see that the
commutators {Xi, ζj} of the chosen canonical variables are generically deformed due to the
curvature of the group manifold. They coincide with the usual flat commutation relations
associated with Poisson-commuting coordinates only at the identity. Moreover, let us define
the deformed addition ⊕ζ for these coordinates in the neighborhood of identity as ζ(gh) =:
ζ(g) ⊕ζ ζ(h). It holds ζ(g) ⊕ζ ζ(h) = ζ(g) + ζ(h) + O(λ0, | ln(g)|, | ln(h)|) for any choice of ζ
complying with the above mentioned assumptions. Indeed, the parametrization is chosen so that
in the limit λ → 0, while keeping the coordinates ζ fixed, we effectively recover the flat phase
space T ∗R3 = R3 × R3 ∼= su(2)× su(2)∗ from T ∗SU(2) = SU(2)× su(2)∗. This follows because
2In addition, another realization of the non-commutative Fourier transform for SU(2) relying on spinors was
formulated by Dupuis, Girelli & Livine in [18], but we will not consider it here.
3Here it seems we are giving dimensions to coordinates, which is usually a bad idea in a gravitational theory,
to be considered below. The point here is that the coordinates Xi turn out to have a geometric interpretation as
discrete triad variables, which is exactly what one would like to give dimensions to in general relativity.
4Strictly speaking, the coordinates are not observables of the classical system, but we may consider them
defined implicitly, since any observable may be parametrized in terms of them, and they may be approximated
arbitrarily closely by classical observables.
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keeping ζ fixed implies a simultaneous scaling of the class angles | ln(g)| of the group elements.
Accordingly, the group effectively coincides with the tangent space su(2) at the identity in this
limit, and ζ become the Euclidean Poisson-commuting coordinates on su(2) ∼= R3 for any initial
choice of ζ satisfying the above assumptions. Thus, λ can also be thought of as a deformation
parameter already at the level of the classical phase space. For the above reasons, we will call
the limit λ→ 0 the abelian limit.
Let us then consider the quantization of the Poisson algebra given by the Poisson bracket (2.1).
In particular, we consider the algebra H generated by the operators ζˆi and Xˆi, modulo the
commutation relations
[ζˆi, ζˆj ] = 0, [Xˆi, ζˆ
j ] = i~ ̂˜Liζj , [Xˆi, Xˆj ] = i~λ kij Xˆk. (2.2)
These relations follow from the symplectic structure of T ∗SU(2) in the usual way by imposing
the relation [Q(O),Q(O′)] != i~Q({O,O′}) with the Poisson brackets of the canonical variables,
where by Q : C∞(T ∗SU(2)) → H we denote the quantization map specified by linearity, the
ordering of operators, and Q(ζi) =: ζˆi, Q(Xi) =: Xˆi.
We wish to represent the abstract algebra H defined by the commutation relations (2.2)
as operators acting on a Hilbert space. There exists the canonical representation in terms of
smooth functions on H ⊂ SU(2) with the L2-inner product
〈ψ|ψ′〉 := 1
λ3
∫
H
dg ψ(g)ψ′(g),
where dg is the normalized Haar measure, and the action of the canonical operators on is given by
ζˆiψ ≡ ζiψ, Xˆiψ ≡ i~L˜iψ.
However, we would like to represent our original configuration space SU(2) rather than H, and
therefore we will instead consider smooth functions on SU(2), whose restriction on H is clearly
always in C∞(H). Since the coordinates are well-defined only on H = SU(2)\{−e}, the action of
the coordinate operators should then be understood only in a weak sense: Even though strictly
speaking the action ζˆiψ ≡ ζiψ is not well-defined for the whole of SU(2), the inner products
〈ψ|ζˆi|ψ′〉 are, since we may write
〈ψ|ζˆi|ψ′〉 = 1
λ3
∫
SU(2)
dg ψ(g)ζi(g)ψ′(g) ≡ 1
λ3
∫
H
dg ψ(g)ζi(g)ψ′(g)
for smooth ψ, ψ′. It is easy to verify that the commutation relations are represented correctly
with this definition of the action, and the function space may be completed in the L2-norm as
usual.
However, there is also a representation in terms of another function space, which is obtained
through a deformation quantization procedure applied to the operator algebra corresponding to
the other factor of the cotangent bundle, su(2)∗ (see [27] for a thorough exposition). Notice that
the restriction of H to the subalgebra generated by the operators Xˆi is isomorphic to a comple-
tion of the universal enveloping algebra U(su(2)) of SU(2) due to its Lie algebra commutation
relations. A ?-product for functions on su(2)∗ is uniquely specified by the restriction of the quan-
tization map Q on the su(2)∗ part of the phase space via the relation f ?f ′ := Q−1(Q(f)Q(f ′)),
where f, f ′ ∈ C∞(su(2)∗) and accordingly Q(f),Q(f ′) ∈ U(su(2)). One may verify that the
following action of the algebra on functions ψ˜ ∈ L2?(su(2)∗) constitutes another representation
of the algebra:
ζˆiψ˜ ≡ −i~ ∂ψ˜
∂Xi
, Xˆiψ˜ ≡ Xi ? ψ˜.
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The non-commutative Fourier transform acts as an intertwiner between the canonical represen-
tation in terms of square-integrable functions on SU(2) and the non-commutative dual space
L2?(su(2)
∗) of square-integrable functions on su(2)∗ with respect to the ?-product. It is given by
ψ˜(X) ≡
∫
H
dg
λ3
E(g,X)ψ(g) ∈ L2?(su(2)∗), ψ ∈ L2(SU(2)),
where the integral kernel
E(g,X) ≡ e
i
~λk(g)·X
? :=
∞∑
n=0
1
n!
(
i
~λ
)n
ki1(g) · · · kin(g)Xi1 ? · · · ? Xin
is the non-commutative plane wave, and we denote k(g) := −i ln(g) ∈ su(2) taken in the principal
branch of the logarithm. The inverse transform reads
ψ(g) =
∫
su(2)∗
dX
(2pi~)3
E(g,X) ? ψ˜(X) ∈ L2(SU(2)), ψ˜ ∈ L2?(su(2)∗),
where dX := dX1dX2dX3 denotes the Lebesgue measure on the Lie algebra dual su(2)
∗ ∼= R3.
Let us list some important properties of the non-commutative plane waves that we will use
in the following:
E(g,X) = e
i
~λk(g)·X
? ≡ c(g)e i~ ζ(g)·X , where c(g) := E(g, 0), (2.3)
E(g,X) = E
(
g−1, X
)
= E(g,−X),
E(adh g,X) = E(g,Ad
−1
h X), (2.4)
E(gh,X) = E(g,X) ? E(h,X), (2.5)∫
su(2)∗
dX
(2pi~λ)3
E(g,X) = δ(g), (2.6)
ψ˜(X) ? E(g,X) = E(g,X) ? ψ˜(AdgX), (2.7)
where adh g := hgh
−1 and AdhX := hXh−1. Notice that from (2.3) and (2.4) it follows that
c(adh g) = c(g) and ζ(adh g) = hζ(g)h
−1 =: Adh ζ(g). In addition, we find that the function
δ?(X,Y ) :=
∫
H
dg
(2pi~λ)3
E(g,X)E(g, Y )
acts as the delta distribution with respect to the ?-product, namely,∫
su(2)∗
dY δ?(X,Y ) ? ψ˜(Y ) = ψ˜(X) =
∫
su(2)∗
dY ψ˜(Y ) ? δ?(X,Y ).
More generally, δ? is the integral kernel of the projection
P(ψ˜)(X) :=
∫
su(2)∗
dY δ?(X,Y ) ? ψ˜(Y )
onto the image L2?(su(2)
∗) of the non-commutative Fourier transform. In the following, we will
also occasionally slightly abuse notation by writing
δ?
(∑
i
Xi
)
:=
∫
H
dg
(2pi~λ)3
∏
i
E(g,Xi)
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for convenience, although this is not a function of the linear sum
∑
i
Xi if c(g) 6= 1 for some
g ∈ H.
Finally, we wish to emphasize that the non-commutative coordinate variables of the dual
representation are unambiguously identified with the corresponding classical conjugate momenta
to the group elements via deformation quantization. This follows directly from the construction.
Indeed, it is a key advantage of the above construction for the non-commutative representation
that it retains a direct relation to the classical phase space quantities, thus helping to make
the interpretation of the quantum expressions more intuitive and straightforward, especially
in the semi-classical regime. Our primary goal in this paper is exactly to use this clear-cut
relation to our benefit in analysing and interpreting in discrete geometric terms the leading
order semi-classical behavior of the Ponzano–Regge model.
3 3d BF theory and the Ponzano–Regge model
The Ponzano–Regge model can be understood as a discretization of 3-dimensional Riemannian
BF theory. In this section, we will briefly review how it can be derived from the continuum
BF theory, while keeping track of the dimensionful physical constants determining the various
asymptotic limits of the theory.
Let M be a 3-dimensional base manifold to a frame bundle with the structure group SU(2).
Then the partition function of 3d BF theory on M is given by
ZMBF =
∫
DEDω exp
(
i
2~κ
∫
M
tr
(
E ∧ F (ω))) , (3.1)
where E is an su(2)∗-valued triad 1-form on M, F (ω) is the su(2)-valued curvature 2-form
associated to the connection 1-form ω, and the trace is taken in the fundamental spin-12 rep-
resentation of SU(2). ~ is the reduced Planck constant and κ is a constant with dimensions
of inverse momentum. The connection with Riemannian gravity in three spacetime dimensions
gives κ := 8piG, where G is the gravitational constant. Since the triad 1-form E has dimensions
of length and the curvature 2-form F is dimensionless, the exponential is rendered dimensionless
by dividing with ~κ ≡ 8pilp, lp ≡ ~G being the Planck length in three dimensions. Integrating
over the triad field in (3.1), we get heuristically
ZMBF ∝
∫
Dω δ(F (ω)), (3.2)
so we see that the BF partition function is (at least nominally) nothing but the volume of the
moduli space of flat connections on M.5 Generically, this is of course divergent, which (among
other things) motivates us to consider discretizations of the theory. However, since BF theory
is purely topological, that is, it does not depend on the metric structure of the base manifold,
such a discretization should not affect its essential properties.
Now, to discretize the continuum BF theory, we first choose a triangulation ∆ of the mani-
fold M, that is, a (homogeneous) simplicial complex homotopic to M. The dual complex ∆∗
of ∆ is obtained by replacing each d-simplex in ∆ by a (3 − d)-simplex and retaining the
connective relations between simplices. Then, the homotopy between ∆ and M allows us to
think of ∆, and thus ∆∗, as embedded in M. We further form a finer cellular complex Γ by
diving the tetrahedra in ∆ along the faces of ∆∗. In particular, Γ then consists of tetrahedra
t ∈ ∆, with vertices t∗ ∈ ∆∗ at their centers, each subdivided into four cubic cells. Moreover,
5The volume of a moduli space can be defined via its natural symplectic structure, and in some 2-dimensional
cases has been rigorously related to a QFT partition function, see [26, 59, 63].
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Figure 1. The subdivision of tetrahedra in ∆ into a finer cellular complex Γ. Here, e labels an edge of
the triangulation, fei label (the centers of) the triangles incident to the edge e, and t
e
i label (the centers
of) the tetrahedra incident to e. The index i runs from 0 to ne − 1, ne being the number of triangles
incident to e.
for each tetrahedron t ∈ ∆, there are edges tf ∈ Γ, which correspond to half-edges of f∗ ∈ ∆∗,
going from the centers of the triangles f ∈ ∆ bounding the tetrahedron to the center of the
tetrahedron t. Also, for each triangle f ∈ ∆, there are edges ef ∈ Γ, which go from the center
of the triangle f ∈ ∆ to the centers of the edges e ∈ ∆ bounding the triangle f . See Fig. 1 for
an illustration of the subdivision of a single tetrahedron in ∆.
To obtain the discretized connection variables associated to the triangulation ∆, we integrate
the connection along the edges tf ∈ Γ and ef ∈ Γ as
gtf := Pei
∫
tf ω ∈ SU(2) and gef := Pei
∫
ef ω ∈ SU(2),
where P denotes the path-ordered exponential. Thus, they are the Wilson line variables of the
connection ω associated to the edges or, equivalently, the parallel transports from the initial to
the final points of the edges with respect to ω. We assume the triangulation ∆ to be piece-wise
flat, and associate frames to all simplices of ∆. We then interpret gtf as the group element
relating the frame of t ∈ ∆ to the frame of f ∈ ∆, and similarly gef as the group element
relating the frame of f ∈ ∆ to the frame of e ∈ ∆. Furthermore, we integrate the triad field
along the edges e ∈ ∆ as
Xe :=
∫
e
AdGe E ∈ su(2)∗. (3.3)
Here, Ge denotes the SU(2)-valued function on the edge e that parallel transports via adjoint
action the pointwise values of E along e to a fixed base point at the center of e. An orientation for
the edge e may be chosen arbitrarily. Xe is interpreted as the vector representing the magnitude
and the direction of the edge e in the frame associated to the edge e itself.
In the case that ∆ has no boundary, a discrete version of the BF partition function (3.2), the
Ponzano–Regge partition function, may be written as
Z∆PR =
∫ [∏
tf
dgtf
] ∏
e∈∆
δ(He∗(gtf )),
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where He∗(gtf ) ∈ SU(2) are holonomies around the dual faces e∗ ∈ ∆∗ obtained as products
of gtf , f
∗ ∈ ∂e∗, and dgtf is again the Haar measure on SU(2). Mimicking the continuum
partition function of BF theory, the Ponzano–Regge partition function is thus an integral over
the flat discrete connections, the delta functions δ(He∗(gtf )) constraining holonomies around all
dual faces to be trivial.
Now, we can apply the non-commutative Fourier transform to expand the delta functions in
terms of non-commutative plane waves by equation (2.6). This yields
Z∆PR =
∫ [∏
tf
dgtf
][∏
e
dXe
(2pi~λ)3
][ ∏
e∈∆
c(He∗(gtf ))
]
exp
{
i
~
∑
e∈∆
Xe · ζ(He∗(gtf ))
}
. (3.4)
Comparing with (3.1), this expression has a straightforward interpretation as a discretization of
the first order path integral of the continuum BF theory. We can clearly identify the discretized
triad variables Xe in (3.3) with the non-commutative metric variables defined via the non-
commutative Fourier transform. We also see that, from the point of view of discretization,
the form of the plane waves and thus the choice for the quantization map is directly related
to the choice of the precise form for the discretized action and the path integral measure. In
particular, the coordinate function ζ : SU(2)→ su(2) and the prefactor c : SU(2)→ C of the non-
commutative plane wave are dictated by the choice of the quantization map, and the coordinates
specify the discretization prescription for the curvature 2-form F (ω). Similar interplay between
?-product quantization and discretization is well-known in the case of the first order phase
space path integral formulation of ordinary quantum mechanics [14]. Moreover, on dimensional
grounds, we must identify λ ≡ κ = 8piG, so that the coordinates ζ have the dimensions of 1κF (ω).
Therefore, the abelian limit of the non-commutative structure of the phase space corresponds in
this case also physically to the no-gravity limit G→ 0. We will denote this classical deformation
parameter associated with the non-commutative structure of the phase space collectively by κ
in the following.
4 Non-commutative metric representation
of the Ponzano–Regge model
If the triangulated manifold ∆ has a non-trivial boundary, we may assign connection data on
the boundary by fixing the group elements gef associated to the boundary triangles f ∈ ∂∆.
Then, the (non-normalized) Ponzano–Regge amplitude for the boundary can be written as
APR(gef |f ∈ ∂∆) =
∫ [∏
tf
dgtf
][ ∏
ef
f /∈∂∆
dgef
] ∏
e∈∆
ne−1∏
i=0
δ
(
gefei+1g
−1
tei f
e
i+1
gtei fei g
−1
efei
)
. (4.1)
The delta functions are over the holonomies around the wedges of the triangulation pictured in
grey in Fig. 1. For this purpose, the tetrahedra tei and the triangles f
e
i sharing the edge e are
labelled by an index i = 0, . . . , ne − 1 in a right-handed fashion with respect to the orientation
of the edge e and with the identification fne ≡ f0, as in Fig. 1.
Let us introduce some simplifying notation. We will choose an arbitrary spanning tree of the
dual graph to the boundary triangulation, pick an arbitrary root vertex for the tree, and label the
boundary triangles fi ∈ ∂∆ by i ∈ N0 in a compatible way with respect to the partial ordering
induced by the tree, so that the root has the label 0 (see Fig. 2). Moreover, we denote the set of
ordered pairs of labels associated to neighboring boundary triangles by N , and label the group
elements associated to the pair of neighboring boundary triangles (i, j) ∈ N as illustrated in
Fig. 2. The group elements gtf , f /∈ ∂∆, will be denoted by a collective label hl. As we integrate
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Figure 2. On the left: A portion of a rooted labelled spanning tree of the dual graph of a boundary
triangulation (solid grey edges). On the right: Boundary triangles fi, fj ∈ ∂∆ and the associated group
elements.
over gef for f /∈ ∂∆ in (4.1), we obtain
APR(gij) =
∫ [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
][ ∏
(i,j)∈N
i<j
δ
(
gijh
−1
j Kji(hl)hig
−1
ji
)]
. (4.2)
Here hi is the group element associated to the dual half-edge going from the boundary triangle i
to the center of the tetrahedron with triangle i on its boundary, and Kij(hl) is the holonomy
along the bulk dual edges from the center of the tetrahedron with triangle j to the center of the
tetrahedron with triangle i (see Fig. 2 for illustration). There is a one-to-one correspondence
between the pairs (i, j) of neighboring boundary triangles and faces of the dual 2-complex
touching the boundary. Notice that we have chosen here as the base point of each holonomy the
boundary dual vertex with a smaller label. By expanding the delta distributions in (4.2) with
boundary group variables into non-commutative plane waves, we get
APR(gij) =
∫ [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
]
×
[ ∏
(i,j)∈N
i<j
∫
dYji
(2pi~κ)3
E
(
gijh
−1
j Kji(hl)hig
−1
ji , Yji
)]
. (4.3)
To obtain the expression for metric boundary data, we employ the non-commutative Fourier
transform,
A˜PR(Xij) =
∫ [ ∏
(i,j)∈N
dgij
κ3
]
APR(gij)
∏
(i,j)∈N
E
(
g−1ij , Xij
)
. (4.4)
Here the variable Xij is understood geometrically as the edge vector shared by the triangles i, j
as seen from the frame of reference of the triangle j. We note that the exact functional form of
the amplitude, as that of the non-commutative plane wave, depends on the particular choice of
a quantization map. From (4.3) and (4.4) the amplitude for metric boundary data is obtained
by expanding the delta functions as
A˜PR(Xij) =
∫ [ ∏
(i,j)∈N
dgij
κ3
] [
dYji
(2pi~κ)3
] [∏
l
dhl
] [
dYe
(2pi~κ)3
] [ ∏
e/∈∂∆
E(He∗(hl), Ye)
]
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×
[ ∏
(i,j)∈N
i<j
E
(
gijh
−1
j Kji(hl)hig
−1
ji , Yji
)][ ∏
(i,j)∈N
E
(
g−1ij , Xij
)]
. (4.5)
We emphasize that here Xij ’s are the fixed boundary edge vectors, while Yji’s are auxiliary
boundary edge vectors, which are the Lagrange multipliers imposing the triviality of holonomies
around dual faces touching the boundary. We will see that the two are identified (up to orienta-
tions and parallel transports) in the classical limit. Importantly, equation (4.5) is nothing else
than the simplicial path integral for a complex with boundary, and a fixed discrete metric on
this boundary represented by Xij ’s. This can be seen by writing the explicit form of the non-
commutative plane waves, thus obtaining a formula like (3.4), augmented by boundary terms.
We will use this expression in the next section to study the semi-classical limit.
Exact amplitudes for metric boundary data on a sphere
By integrating over all Ye and using the property (2.5) for the non-commutative plane waves,
we may write (4.5) as
A˜PR(Xij) ∝
∫ [ ∏
(i,j)∈N
dgij
κ3
] [
dYji
(2pi~κ)3
] [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
]
(4.6)
×
[ ∏
(i,j)∈N
i<j
(
E(gij , Yji)E
(
g−1ij , Xij
))
? E(h−1j Kji(hl)hi, Yji) ?
(
E
(
g−1ji , Yji
)
E
(
g−1ji , Xji
))]
,
where the ?-product acts on Yji. For simplicity, we often do not include explicitly the finite
proportionality constants in front of amplitudes, because they are immaterial for our results,
and will eventually be cancelled by normalization. Further integrating in (4.6) over all gij gives
A˜PR(Xij) ∝
∫ [
dYji
(2pi~κ)3
] [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
]
×
 ∏
(i,j)∈N
i<j
δ?(Yji, Xij) ? E
(
h−1j Kji(hl)hi, Yji
)
? δ?(Yji,−Xji)
 ,
where now the δ?-functions impose the identifications of boundary edge vector variables, up to
parallel transport. Indeed, the non-commutative plane wave takes care of the parallel transport
between the frames of Xij and Xji, as we may easily observe using the property (2.7) of the
plane wave as we permute the first δ?-function with the plane wave to obtain
A˜PR(Xij) ∝
∫ [
dYji
(2pi~κ)3
] [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
]
×
[ ∏
(i,j)∈N
i<j
E
(
h−1j Kji(hl)hi, Yji
)
? δ?
(
Adh−1j Kji(hl)hi
Yji, Xij
)
? δ?(Yji,−Xji)
]
.
We may further integrate over all Yji to get
A˜PR(Xij) ∝
∫ [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
]
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×
[ ∏
(i,j)∈N
i<j
E
(
h−1i Kij(hl)hj , Xji
)
? δ?
(
Adh−1j Kji(hl)hi
Xji,−Xij
)]
.
We see that the edge vectorsXij , Xji corresponding to the same edge (with opposite orientations)
in different frames of reference are identified up to a parallel transport by h−1j Kji(hl)hi through
the non-commutative delta distributions δ?(Adh−1j Kji(hl)hi
Xji,−Xij).
We wish to further integrate over the variables hi. To this aim, we employ the change of
variables Xji 7→ Adh−1i Kij(hl)hj Xji, i.e., we parallel transport the variables Xji to the frames
of Xij to get a simple identification of the boundary variables, and move all hi-dependence to
the plane waves. We thus get
A˜PR(Xij) ∝
∫ [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
]
×
[ ∏
(i,j)∈N
i<j
E
(
h−1i Kij(hl)hj , Xji
)]
?
[ ∏
(i,j)∈N
i<j
δ?(Xij ,−Xji)
]
,
Note that for every vertex i there is a unique path via the edges (jn−1, jn)n=1,...,l, s.t. j0 = 0,
jl = i, from the root to the vertex i along the spanning tree. Now, by making the changes of
variables
hi 7→
 l←−∏
n=0
K−1jn−1jn(hl)
hi,
where by
←−∏
we denote an ordered product of group elements such that the product index
increases from right to left, we obtain
A˜PR(Xij) ∝
∫ [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
][ ∏
(i,j)∈tree
i<j
E(h−1i hj , Xji)
]
×
[ ∏
(i,j)/∈tree
i<j
E(h−1i Lij(hl)hj , Xji)
]
?
[ ∏
(i,j)∈N
i<j
δ?(Xij ,−Xji)
]
=
∫ [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
]
×
[−→∏
i
?
(
E(hi,
∑
j
ijXji) ?
∏
j
(i,j)/∈tree
E(Lij(hl), Xji)
)]
?
[ ∏
(i,j)∈N
i<j
δ?(Xij ,−Xji)
]
.
Here, ij := sgn(i− j)Aij , where Aij is the adjacency matrix of the dual graph of the boundary
triangulation. Moreover, Lij(hl) ≡ G−1ij (hl)Hij(hl)Gij(hl), where Hij(hl) is the product of
Kkl(hl)’s around the unique cycle of the boundary dual graph formed by adding the edge (i, j)
to the spanning tree, and Gij(hl) is the product of Kkl(hl)’s along the unique path from the root
of the spanning tree to the cycle. The cycles formed from the spanning tree of a graph by adding
single edges span the loop space of the graph. Thus, Hij(hl) are trivial for a trivial boundary
topology, if the product of Kkl(hl)’s around all boundary vertices are trivial. On the other hand,
the product of Kkl(hl)’s around a boundary vertex is constrained to be trivial by the flatness
constraints for the bulk holonomies only if the neighborhood of the vertex is a half-ball, since
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only in this case is the loop around the vertex contractible along the faces of the 2-complex.
Thus, given that the neighborhoods of all boundary vertices have trivial topology, the flatness
constraints impose Lij(hl) to be trivial, if the boundary has a trivial topology, i.e., ∂∆ ∼= S2.
Accordingly, we have
A˜PR(Xij) ∝
∫ [∏
l
dhl
][ ∏
e/∈∂∆
δ(He∗(hl))
]
×
[−→∏
i
? E(hi, ijXji)
]
?
[ ∏
(i,j)∈N
i<j
δ?(Xij ,−Xji)
]
,
where we used the notation ?
−→∏
for the ordered star product of plane waves. Integrating over hi
then yields the closure constraints for the boundary triangles, and we end up with
A˜PR(Xij) ∝ [δ(0)]d
−→∏
i
? δ?
(∑
j
ijXji
) ? [ ∏
(i,j)∈N
i<j
δ?(Xij ,−Xji)
]
, (4.7)
where the sum is over vertices j connected to the vertex i, and d is the degree of divergence
arising from the redundant delta distributions over the dual faces e∗ ∈ ∆∗, e /∈ ∂∆.
It is clear that in the abelian limit κ→ 0, where the ?-product coincides with the pointwise
product and δ? → δ, the above amplitude imposes closure and identification of the edge vectors.
However, the case of the classical limit ~ → 0 is more subtle: The whole notion of a non-
commutative Fourier transform breaks down in this limit, since the non-commutative plane
wave becomes ill-defined, having no well-defined limit. We will see in the following the effects
of these complications and how to take them into account in studying the classical limit.
5 Semi-classical analysis for metric boundary data
In this section we will study the classical limit of the first order phase space path integral (4.5)
for the Ponzano–Regge model obtained through the non-commutative Fourier transform. In
particular, we will study the classical limit via the stationary phase approximation, first by
using the usual ‘commutative’ variational method. However, we discover that the resulting clas-
sical geometricity constraints on the classical metric variables depend on the initial choice of
quantization map – a rather problematic outcome. Therefore, we are compelled to adopt the non-
commutative variational method for the stationary phase approximation in order to obtain the
correct classical equations of motion, as in the analogous case of quantum mechanics of a point
particle on SO(3), considered previously in [45]. We will again see that the non-commutative
method leads to the correct and unambiguous classical geometricity constraints on the simpli-
cial metric variables, and offer some further justification for the use of the non-commutative
variational calculus. Moreover, the analysis shows how subtle the notion of “classical limit”
is for the Ponzano–Regge amplitudes, which are in the end convolutions of non-commutative
planes waves, in the flux representation. We would expect similar subtleties to be relevant for
4d gravity models as well.
Let us begin by bringing the path integral (4.5) into a form suitable for stationary phase ap-
proximation via variational calculus. We may use the expression (2.3) for the non-commutative
plane wave to express (4.5) as
A˜PR(Xij) =
∫ [ ∏
(i,j)∈N
dgij
κ3
][ ∏
(i,j)∈N
i<j
dYij
(2pi~κ)3
][∏
l
dhl
][ ∏
e/∈∂∆
dYe
(2pi~κ)3
]
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×
[ ∏
e/∈∂∆
c(He∗(hl))e
i
~Ye·ζ(He∗ (hl))
][ ∏
(i,j)∈N
c
(
g−1ij
)
e
i
~Xij ·ζ(g−1ij )
]
×
[ ∏
(i,j)∈N
i<j
c
(
gijh
−1
j Kji(hl)hig
−1
ji
)
e
i
~Yij ·ζ(gijh−1j Kji(hl)hig−1ji )
]
,
and by further combining the exponentials we obtain
A˜PR(Xij) =
∫ [ ∏
(i,j)∈N
dgij
κ3
c
(
g−1ij
)][ ∏
(i,j)∈N
i<j
dYij
(2pi~κ)3
][∏
l
dhl
][ ∏
e/∈∂∆
dYe
(2pi~κ)3
]
×
[ ∏
e/∈∂∆
c(He∗(hl))
][ ∏
(i,j)∈N
i<j
c
(
gijh
−1
j Kji(hl)hig
−1
ji
)]
(5.1)
× exp
{
i
~
[ ∑
e/∈∂∆
Ye · ζ(He∗(hl)) +
∑
(i,j)∈N
i<j
Yij · ζ
(
gijh
−1
j Kji(hl)hig
−1
ji
)
+
∑
(i,j)∈N
Xij · ζ(g−1ij )
]}
.
In this form the amplitude is amenable to a stationary phase analysis through the study of the
extrema of the exponential
SPR :=
∑
e/∈∂∆
Ye · ζ(He∗(hl)) +
∑
(i,j)∈N
i<j
Yij · ζ
(
gijh
−1
j Kji(hl)hig
−1
ji
)
+
∑
(i,j)∈N
Xij · ζ
(
g−1ij
)
. (5.2)
We stress that this is just the classical action of discretized BF theory in its first order variables,
the edge vectors Ye and the parallel transports hl, augmented by boundary terms. Therefore, we
expect to obtain in the classical limit the classical BF ‘equations of motion’, that is, geometricity
constraints imposing flatness of holonomies around dual faces and closure of edge vectors for all
triangles (up to the appropriate parallel transports).
5.1 Stationary phase approximation via commutative variational method
We first proceed to consider the usual ‘commutative’ stationary phase approximation of the first
order Ponzano–Regge path integral (4.5) by studying the extrema of the action (5.2). There
are five different kinds of integration variables in (4.5): Ye for e /∈ ∂∆, Yij , hl in the bulk,
hi touching the boundary and gij , whose variations we will consider in the following.
Variation of Ye: Requiring the variation of the action with respect to Ye to vanish simply gives
ζ(He∗(hl)) = 0 ⇔ He∗(hl) = 1
for all e /∈ ∂∆, i.e., the flatness of the connection around the dual faces e∗ in the bulk.
Variation of Yij: Similarly, variation with respect to Yij gives
ζ(gijh
−1
j Kji(hl)hig
−1
ji ) = 0 ⇔ gijh−1j Kji(hl)hig−1ji = 1
for all (i, j) ∈ N , i < j, i.e., the triviality of the connection around the faces e∗ dual to
boundary edges e ∈ ∂∆.
Variation of hl in the bulk: The variations for the group elements are slightly less trivial.
Taking left-invariant Lie derivatives of the exponential with respect to a group element
hl′ ≡ gtf in the bulk, we obtain∑
e/∈∂∆
Ye · Lhl′k ζ(He∗(hl)) +
∑
(i,j)∈N
i<j
Yji · Lhl′k ζ
(
gijh
−1
j Kji(hl)hig
−1
ji
)
= 0 ∀ k.
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Here, only the three terms in the sums depending on the holonomies around the boundaries
of the three dual faces, which contain l′ := tf are non-zero. (Each dual edge f∗ belongs to
exactly three dual faces e∗ of ∆∗, since ∆∗ is dual to a 3-dimensional triangulation.) Now,
using the fact uncovered through the previous variations that the holonomies around the
dual faces are trivial for the stationary phase configurations, and the property ζ(adg h) =
Adg ζ(h) of the coordinates, we obtain∑
e∈∆
e∗3f∗
fe(AdGfe Ye) = 0,
where AdGfe implements the parallel transport from the frame of Ye to the frame of f ,
and fe = ±1 accounts for the orientation of hl with respect to the holonomy He∗(hl) and
thus the relative orientations of the edge vectors. Clearly, this imposes the metric closure
constraint for the three edge vectors of each bulk triangle f /∈ ∂∆ in the frame of f . This
same condition gives the metric compatibility of the discrete connection, which in turn, if
substituted back in the classical action, before considering the other saddle point equations,
turn the discrete 1st order action into the 2nd order action for the triangulation ∆.
Variation of hi: Varying a hi we get∑
(i,j)∈N
i<j
Yij · Lhik ζ
(
gijh
−1
j Kji(hl)hig
−1
ji
)
+
∑
(j,i)∈N
j<i
Yji · Lhik ζ
(
gjih
−1
i Kij(hl)hjg
−1
ij
)
= 0 ∀ k.
Again there are three non-zero terms in this expression, which correspond to the boundary
triangles fj ∈ ∂∆ neighboring fi, i.e., such that (i, j) ∈ N . We obtain the closure of the
boundary integration variables Yij as∑
fj∈∂∆
(i,j)∈N
ji
(
Ad−1gji Yij
)
= 0, (5.3)
where Ad−1gji parallel transports the edge vectors Yji to the frame of the boundary triang-
le fi, and ji = ±1 again accounts for the relative orientation.
Variation of gij: Taking Lie derivatives of the exponential with respect to a gij , we obtain
Yij · Lgijk ζ
(
gijh
−1
j Kji(hl)hig
−1
ji
)
+Xij · Lgijk ζ
(
g−1ij
)
= 0 ∀ k
⇔ Ad−1gij Yij −Dζ(gij)Xij = 0 = Ad−1gij Yij +Dζ(gji)Xji (5.4)
for all i < j, where we denote (Dζ(g))kl := L˜kζl(g). We see that this equation identifies
the boundary metric variables Xij with the integration variables Yij , taking into account
the orientation and the parallel transport between the frames of each vector, plus a non-
geometric deformation given by the matrix Dζ(gij).
6
Thus, we have obtained the constraint equations corresponding to variations of all the in-
tegration variables. In particular, by combining the equations (5.4) with the boundary closure
constraint (5.3), we obtain∑
fj∈∂∆
(i,j)∈N
Dζ(gij)Xij = 0 ∀ i, (5.5)
6Also, in varying gij we must assume that the measure c(g)dg on the group is continuous, which should be
true for any reasonable choice of a quantization map, as it indeed is for all the cases we consider below.
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which gives, in general, a deformed closure constraint for the boundary metric edge variables Xij .
In addition, from (5.4) alone we obtain a deformed identification
Adgij
(
Dζ(gij)Xij
)
= −Adgji
(
Dζ(gji)Xji
)
,
naturally up to a parallel transport, of the boundary edge variables Xij and Xji. Accordingly,
we obtain for the amplitude
A˜PR(Xij) ∝
∫ [ ∏
(i,j)∈N
dgij
κ3
c
(
g−1ij
)][ ∏
v∈∂∆
δ(Hv(gij))
][ ∏
fi∈∂∆
δ?
( ∑
fj∈∂∆
(i,j)∈N
Dζ(gij)Xij
)]
?
[ ∏
(i,j)∈N
i<j
δ?
(
Adgij
(
Dζ(gij)Xij
)
+ Adgji
(
Dζ(gji)Xji
))]
? exp
{
i
~
∑
(i,j)∈N
Xij · ζ
(
g−1ij
)}(
1 +O(~)). (5.6)
The proportionality constant is given by the configuration space volume for the geometric
configurations in the bulk, which is generically infinite but is cancelled by normalization.
The delta functions impose the constraints on boundary data discussed above. In particu-
lar, Hv(gij) are the holonomies around the boundary vertices v ∈ ∂∆, whose triviality follows
from the triviality of the bulk holonomies. Notice that one must write the integrand in terms of
?-products and ?-delta functions in order for the constraints to be correctly imposed, since the
amplitude acts on wave functions through ?-multiplication. The exact form of the deformation
matrix Dζkl(g) ≡ {Xk, ζl}(g) = δkl + O(κ, | ln(g)|), and accordingly the geometric content of
these constraints, depends on the coordinates ζ, which are determined by the discretization of
the continuum BF action or, equivalently, the initial choice of the quantization map. We see
that only in the abelian limit κ → 0, |ζ| = const, do the different choices agree in general,
producing the undeformed discrete geometric constraints∑
fj∈∂∆
(i,j)∈N
Xij = 0 ∀ fi ∈ ∂∆ and Adgij Xij = Adgji Xji ∀ (i, j) ∈ N
for the discretized boundary metric variables Xij ∈ su(2)∗.
Some examples
Before we go on to consider the stationary phase boundary configurations obtained through the
ordinary commutative variational calculus for some specific choices of the coordinates ζ, and thus
the associated quantization maps, let us make a few general remarks on the apparent dependence
of the limit on this choice. As we have already emphasized above, the exact functional form of
the non-commutative plane waves, and thus the coordinate choice, is determined ultimately by
the choice of the quantization map and the ?-product that we thus obtain. We have found the
general expression for the plane wave as a ?-exponential
E(g,X) = e
i
~κk(g)·X
? =
∞∑
n=0
1
n!
(
i
~κ
)n
ki1(g) · · · kin(g)Xi1 ? · · · ? Xin .
From this expression we may observe that the way the Planck constant ~ enters into the plane
wave is very subtle. There are negative powers of (~κ) coming from the prefactor in the ex-
ponential, while from the ?-monomials arise positive powers of (~κ). The way these different
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contributions go together determines the explicit functional form of the non-commutative plane
wave, and accordingly the behavior in the classical limit ~ → 0. Therefore, it is not too sur-
prising that we may eventually find different classical limits for different choices of plane waves
through the application of the ordinary stationary phase method. In particular, it is impor-
tant to realize that the non-commutative plane wave itself is purely a quantum object with
an ill-defined classical limit, and therefore has no duty to coincide with anything in this limit.
For this reason, the stationary phase solutions corresponding to different ?-products may also
differ from each other, even though the ?-product itself coincides with the pointwise product in
this limit. On the contrary, in the abelian limit κ → 0 we also scale the coordinates ki on the
group, so that ki/κ stay constant, since κ determines the scale associated to the group manifold.
Therefore, the non-commutative plane wave agrees with the usual commutative plane wave in
this limit. Only in the abelian limit may one expect the different choices of non-commutative
structures lead to unambiguous results, when one applies the commutative variational calculus.
Symmetric & Duflo quantization maps. The symmetric quantization map QS : Pol(su(2)
∗)→
U(su(2)) is determined by the symmetric operator ordering for monomials
QS(Xi1Xi2 · · ·Xin) !=
1
n!
∑
σ∈Σn
Xˆiσ(1)Xˆiσ(2) · · · Xˆiσ(n) ,
where Σn is the group of permutations of n elements, and extends by linearity to any completion
of the polynomial algebra Pol(su(2)∗). In particular, we have
Q−1S (e
i
~κk(g)·Xˆ) =
∞∑
n=0
in
n!(~κ)n
ki1(g) · · · kin(g)Q−1S (Xˆi1 · · · Xˆin) = e
i
~κk(g)·X ≡ ES(g,X)
and accordingly to this quantization prescription is associated a non-commutative plane wave
with cS(g) = 1, ζS(g) = − iκ ln(g) ∈ su(2), where the value of the logarithm is taken in the
principal branch [27].
The Duflo quantization map QD is defined as
QD = QS ◦ j 12 (~∂x),
where j
1
2 (~∂x) is a differential operator associated to the function j : su(2)→ C given by
j
1
2 (X) := det
(
sinh(12 adX)
1
2 adX
) 1
2
.
The definition is such that QD restricts to an isomorphism from the g-invariant functions on
su(2)∗ to g-invariant operators (i.e., Casimirs) in U(su(2)), and therefore the Duflo map can
be considered as algebraically the most natural choice for a quantization map. In the Duflo
case we obtain cD(g) = κ|ζS(g)|/ sin(κ|ζS(g)|), but the coordinates are the same ζD ≡ ζS as for
the symmetric quantization map, so the amplitudes have the same stationary phase behavior in
both cases. In this respect it is important to note that even though the Duflo factor cD(g) =
κ|ζS(g)|/ sin(κ|ζS(g)|) diverges for κ|ζS(g)| = pi, the path integral measure is still well-behaved,
since cD(g)dg = (sin(κ|ζS|)/κ|ζS|)d3ζS remains finite.
We obtain from the equation (A.1) in Appendix A for the deformation matrix as a function
of the coordinates
DSkl(ζS) =
(
κ|ζS|
sin(κ|ζS|)
)[
cos(κ|ζS|)δkl +
(
sin(κ|ζS|)
κ|ζS| − cos(κ|ζS|)
)
ζS,kζS,l
|ζS|2 − κklmζ
m
S
]
.(5.7)
18 D. Oriti and M. Raasakka
This deformation matrix has the following nice property: DSkl(k)k
l = kk. This implies, in partic-
ular, that when the edge vectors are stable under the dual connection variables, Adgij Xij = Xij
⇔ k(gij) ∝ Xij , we have DS(gij)Xij = Xij , and therefore recover the undeformed closure
constraints from (5.5). Accordingly, classical geometric boundary data with Adgij Xij = Xij ,
Xij = −Xji and
∑
j
Xij = 0 satisfies the constraint equations for the symmetric quantization
map. Except for the stability ansatz Adgij Xij = Xij , however, there are undoubtedly other
solutions to the constraint equations that do not satisfy this stability requirement, but we have
not explored the possibilities in this general case. It is nevertheless clear that these additional
solutions do not correspond to simplicial geometries, since for them the closure constraint is
again deformed.
Freidel–Livine–Majid quantization map. We will then consider the popular choice of Freidel–
Livine–Majid quantization map [4, 5, 6, 7, 8, 24, 25, 35], which can be expressed in terms of the
symmetric quantization map QS and a change of parametrization χ : su(2) → su(2) on SU(2)
as [27]
QFLM = QS ◦ χ,
where χ(k) = sin
−1 |k|
|k| k. The inverse coordinate transformation χ
−1(k) = sin |k||k| k, however, is
two-to-one: it identifies the coordinates of the antipodes g and −g as
χ−1(k(g)) = χ−1
(
k(g)− pi
2
k(g)
|k(g)|
)
= χ−1(k(−g)) ∀ g ∈ SU(2)\{e}.
Therefore, the coordinates χ−1(k) only cover the upper hemisphere SU(2)/Z2 ∼= SO(3), and the
resulting non-commutative Fourier transform is applicable only to functions on SO(3).
The FLM quantization map yields
Q−1FLM
(
e
i
~κk(g)·Xˆ
)
= e
i
~κ
sin |k(g)|
|k(g)| k(g)·X ≡ EFLM(g,X).
Accordingly, it leads to a form of the non-commutative plane wave with cFLM(g) = 1, ζFLM(g) =
1
κ
sin |k(g)|
|k(g)| k(g) = − i2κ tr 12 (gσ
k)σk ∈ su(2), where tr 1
2
denotes the trace in the fundamental spin-12
representation of SU(2). Due to the linearity of the trace, it is straightforward to calculate the
deformation matrix
DFLMkl (g) =
1
2
tr 1
2
(g)δkl +
i
2
tr 1
2
(
gσj
)
jkl ≡
√
1− κ2|ζFLM(g)|2δkl − κζjFLM(g)jkl.
Thus, according to our general description above, the classical discrete geometricity constraints
are satisfied by the deformed boundary metric variables
DFLM(gij)Xij =
√
1− κ2|ζFLM(gij)|2Xij − κ(ζFLM(gij) ∧Xij).
We have not solved these constraints explicitly, which would generically impose relations between
the stationary phase boundary connection gij and the given boundary metric data Xij . However,
one can easily confirm that data corresponding to generic classical discrete geometries does not
satisfy the constraints, and therefore the geometry resulting from the constraints does not,
in general, describe discrete geometries. In fact, the deformed and the undeformed closure
constraints are compatible only for gij ≡ 1, or equivalently, in the abelian limit. Therefore, we
conclude that the non-commutative metric boundary variables do not have a classical geometric
interpretation in the case of FLM quantization map outside the abelian approximation, when
one studies the commutative variation of the action.
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5.2 Stationary phase approximation via non-commutative
variational method
We emphasize that in the above variation of the amplitude we did not take into account the
deformation of phase space structure, which appeared crucial for obtaining the correct classical
equations of motion in [45] in the case of quantum mechanics of a point particle on SO(3). This
could be guessed to be the origin of the discrepancies between the amplitudes corresponding
to different choices of quantization maps in the semi-classical limit. Indeed, we may define the
non-commutative variation δ?S of the action S in the amplitude via
e
iδ?S+O(δ2)
? ≡ e−iS? ? eiS
δ
? ,
where the ?-product acts on the fixed boundary variables Xij , O(δ2) refers to terms higher than
first order in the variations, and Sδ ≡ S(gijδgij , Xij +δXij) is the varied action. It is easy to see
that the non-commutative variation so defined undeforms the above identification (5.4) of Xij
and Yij (up to orientation and parallel transport), simply because we have
E
(
g−1, X
)
? E
(
geiZ , X
)
= E
(
g−1, X
)
? E(g,X)︸ ︷︷ ︸
=1
?E
(
eiZ , X
)
= e
i
~κ (Z·X)+O(2)
for any Z ∈ su(2) and  ∈ R implementing the variation of g, so that δg = eiZ . Then, all the
above results for variations remain the same by requiring the non-commutative variation δ?S of
the action to vanish except for equation (5.4), which becomes undeformed, i.e., we obtain the
geometric identification Adgij Xij = Yij = −Adgji Xji. Thus, the non-geometric deformation
of the constraints does not appear, and we recover exactly the simplicial geometry relations for
the boundary metric variables, regardless of the choice of a quantization map.
The non-commutative geometric interpretation of the leading order contribution to the am-
plitude obtained through the non-commutative variation is largely an open question at the
moment – and a very interesting one as well. Clearly, the non-commutative leading order is
different from the ordinary commutative result, because we are not considering the usual com-
mutative limit, but another kind of limit that takes into account the non-commutative structure
of the phase space. Indeed, this difference is more than welcome, because the commutative
result depends on the choice of a quantization map, which is unacceptable, as we have empha-
sized. Our calculations below show, in fact, that the application of the commutative variational
method to an integral kernel that is a function of non-commutative variables leads to a result
that does not represent the leading order in ~: We confirm in Section 6 that the results obtained
(only) by the non-commutative stationary phase analysis agree with those obtained through the
indisputable commutative analysis in the coherent state representation. We still lack a complete
understanding of the non-commutative variations, but we suspect that the need for the non-
commutative variational method arises, because the amplitude A˜PR(Xij) acts as the integral
kernel for the propagator with respect to the ?-product and not the pointwise product. As the
?-product itself exhibits ~-dependence, this may modify the asymptotic behavior. The classi-
cal constraint equations that we recover via the non-commutative variations are presumably
the ones that are imposed on the boundary states by the propagator (again, acting with the
?-product) in the classical limit. However, this needs to be substantiated by further research.
To begin with, let us consider the partially ‘off-shell’ amplitude, where we only substitute the
identifications Adgij Xij = Yij = −Adgji Xji arising from the variations of the boundary con-
nection gij . The substitution is done, again, by multiplying the amplitude by ?-delta functions
imposing the identities, and integrating over Yij . We also integrate over Xji for i < j in order to
explicitly impose the identifications Adgij Xij = −Adgji Xji on the boundary variables. Using
the properties of the non-commutative plane waves, and denoting by A˜?loPR(Xij) the leading order
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contribution in ~ to the amplitude obtained via the non-commutative stationary phase method,
we find from (5.1) through a simple substitution
A˜?loPR(Xij) ∝
∫ [ ∏
(i,j)∈N
i<j
dgij
κ3
c
(
g−1ij
)
c
(
g−1ij gjigij
)][∏
l
dhl
][ ∏
e/∈∂∆
dYe
(2pi~κ)3
][ ∏
e/∈∂∆
c(He∗(hl))
]
×
[ ∏
(i,j)∈N
i<j
c
(
h−1j Kji(hl)hig
−1
ji gij
)]
exp
{
i
~
∑
e/∈∂∆
Ye · ζ(He∗(hl))
}
× exp
{ ∑
(i,j)∈N
i<j
Xij · ζ
(
h−1j Kji(hl)hig
−1
ji gij
)}
? exp
{ ∑
(i,j)∈N
i<j
Xij · ζ
(
g−1ij gjigij
)}
? exp
{ ∑
(i,j)∈N
i<j
Xij · ζ
(
g−1ij
)}
=
∫ [∏
l
dhl
][ ∏
e/∈∂∆
dYe
][ ∏
(i,j)∈N
i<j
c
(
h−1j Kji(hl)hi
)][ ∏
e/∈∂∆
c(He∗(hl))
]
× exp
{
i
~
[ ∑
e/∈∂∆
Ye · ζ(He∗(hl)) +
∑
(i,j)∈N
i<j
Xij · ζ
(
h−1j Kji(hl)hi
)]}
. (5.8)
In fact, there is a subtlety in this calculation in choosing the correct ordering of the non-
commutative plane waves, which depend on the same non-commutative edge vector after inte-
grating over the ?-delta functions, in the first expression of (5.8). We were guided here in the
choice by the appropriate geometric form of the result. Indeed, the exponential clearly reflects
the typical structure of a 3d discrete gravity action: (i) It contains bulk terms Ye · ζ(He∗(hl)),
which couple bulk edge vectors and the holonomies around the dual faces, thus associated with
deficit angles. (ii) It has boundary terms Xij · ζ(h−1j Kji(hl)hi), which couple boundary edge
vectors with the group elements that represent parallel transports between adjacent boundary
triangles to the edge, thus associated with dihedral angles.
To make the connection to Regge calculus even clearer, let us adopt the non-commutative
structure arising from the symmetric quantization map, and set He∗(hl) ≡ exp(iθenˆe · ~σ) and
h−1j Kji(hl)hi ≡ exp(iθjinˆji · ~σ) in the spin-12 representation, where θe, θji ∈ [0, pi] are now the
class angles of the group elements and nˆe, nˆji ∈ S2 unit vectors. Then, we may write
Ye · ζS(He∗(hl)) = |Ye|θe
κ
(
Ye
|Ye| · nˆe
)
, Xij · ζ
(
h−1j Kji(hl)hi
)
= |Xij |θji
κ
(
Xij
|Xij | · nˆji
)
.
Considering then variations in the unit vectors nˆe and nˆji, it is immediate to find that the
stationary phase of the amplitude is given by nˆe = ± Ye|Ye| · nˆe and nˆji = ±
Xij
|Xij | , the signs
corresponding to the two opposite orientations of the edge vectors or, equivalently, the dual
faces. Now, if a configuration of edge vectors satisfies the constraints for a given discrete
connection, it does so also for the oppositely oriented configuration obtained by reversing the
orientations of all the dual faces. For the oppositely oriented configuration the holonomies
around dual faces are also inverted, which gives opposite signs for nˆe and nˆji with respect to
the original configuration. Therefore, choosing nˆe and nˆji to have positive signs for one of the
orientations and thus negative signs for the other, we may further write for the Ponzano–Regge
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amplitude in the semi-classical limit
A˜?loPR(Xij) ∝
∫ [∏
l
dhl
][ ∏
e/∈∂∆
dYe
]
cos
(
i
~κ
[ ∑
e/∈∂∆
|Ye|θe +
∑
(i,j)∈N
i<j
|Xij |θji
])
,
where the cosine arises from summing the contributions from both orientations of the triangu-
lation. The argument of the cosine is exactly the first order Regge action, well-known from
discrete gravity. Notice, however, that the deficit angles θe and the dihedral angles θji still de-
pend on the discrete bulk connection given by the group elements hl, which are integrated over
in the amplitude. Also, we have not yet imposed the closure constraints on the edge vectors,
which arise from the variations of the bulk connection. These constraints impose the closure of
edge vectors for each triangle, taking account orientations and parallel transports. At the same
time they impose the metricity of the discrete connection and restrict the integrals over Ye to
the geometric configurations, as in Regge gravity7. Solving for the discrete connection hl in
terms of the edge vectors from the constraint equations (when possible, i.e., for non-degenerate
configurations) leads to the second order Regge action and to the form
A˜?loPR(Xij) ∝
[ ∏
e/∈∂∆
dYe
]
cos
(
i
~κ
[ ∑
e/∈∂∆
|Ye|θe +
∑
(i,j)∈N
i<j
|Xij |θji
])
for the Ponzano–Regge amplitude, where now the deficit and dihedral angles are functions of
the edge vectors, and only geometric configurations of the edge vectors are integrated over.
Finally, we emphasize that for other choices of non-commutative structures, other than the one
associated with the symmetric quantization map, we may obtain more complicated dependence
on the dihedral and deficit angles. For example, the Freidel–Livine–Majid map leads to the
compactified Regge action considered in [13, 37]. However, all choices of non-commutative
structures result in the same form as above in the regime of small deficit and dihedral angles.
We thus see that the Regge action naturally arises in the semi-classical limit of the Ponzano–
Regge model in terms of the proper phase space variables.
Let us then move on to consider the ‘on-shell’ case, where we impose all the classical con-
straints on the path integral arising from the (non-commutative) stationary phase analysis. In
this case the leading order semi-classical contribution to the Ponzano–Regge amplitude (5.6)
reads in detail before integrating out the bulk variables
A˜?loPR(Xij) ∝
∫ [ ∏
(i,j)∈N
i<j
dgijdgji c
(
g−1ij gji
)][∏
l
dhl
][ ∏
e/∈∂∆
dXe
][ ∏
e/∈∂∆
δ(He∗(hl))
]
×
[ ∏
(i,j)∈N
i<j
δ
(
gijh
−1
j Kji(hl)hig
−1
ji
)][ ∏
f /∈∂∆
δ?
(∑
e∈f
fe Adhfe Xe
)]
?
[∏
i
δ?
( ∑
(i,j)∈N
j>i
Xij −
∑
(i,j)∈N
j<i
Adg−1ij gji
Xji
)]
? exp
{
i
~
∑
(i,j)∈N
i<j
Xij · ζ
(
g−1ij gji
)}
,
where we have identified Yij := Adgij Xij = −Adgji Xji for all (i, j) ∈ N such that i < j. Here,
the delta functions on the group impose triviality of the holonomies, which implies flatness of
7We note that for some choices of a quantization map, such as the Duflo map, the ?-delta function does not
depend on a simple linear combination of its arguments, and thus the closure constraints must be non-linear
outside the strict classical regime to match the exact result (4.7). However, for the symmetric quantization map
we consider here the closure constraints remain undeformed in all orders.
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the discrete connection. The ?-delta functions impose closure of the edge vectors e ∈ f belonging
to the bulk and boundary triangles f ∈ ∆, which in the discrete gravity context corresponds
to the metricity of the discrete connection. The action is reduced due to the imposition of the
flatness constraints to a simple boundary term.
Since the amplitude depends only on Gij and not the individual gij , we may further apply
a change of variables by denoting Gij := g
−1
ji gij and Gji = G
−1
ij for all i < j. These are the
group elements that represent parallel transports between centers of boundary triangles, and
are therefore naturally related to the dihedral angles of Regge calculus. By also integrating over
the bulk variables, we obtain
A˜?loPR(Xij) ∝
∫ [ ∏
(i,j)∈N
i<j
dGij c(Gij)
][ ∏
v∈∂∆
δ(Hv(Gij))
]
×
[∏
i
δ?
( ∑
(i,j)∈N
j>i
Xij −
∑
(i,j)∈N
j<i
Ad−1Gij Xji
)]
? exp
{
i
~
∑
(i,j)∈N
i<j
Xij · ζ
(
G−1ij
)}
. (5.9)
The integrations over the bulk connection result in the delta functions imposing flatness of the
boundary holonomiesHv(Gij) around all boundary vertices v ∈ ∂∆. In addition, the integrations
over the bulk variables yield the volume of geometric bulk configurations, which contributes only
to the normalization factor. The result of the calculation is exactly as we would expect from
a first order 3d discrete gravity action, namely, it is expressed as a function of edge vectors,
where parallel transports are integrated over flat connections, which allow the edge vectors to
satisfy the closure constraints.
One may further decompose the integrals in (5.9) over group elements Gij into integrals over
dihedral class angles θij := |k(Gij)|, where k(g) := −i ln(g) ∈ su(2) ∼= R3, and integrals over unit
vectors nˆij := k(Gij)/|k(Gij)| ∈ S2, such that Gij ≡ exp(iθijnˆij ·~σ) in the spin-12 representation.
Adopting again the symmetric quantization map, we then have for the exponent
∑
(i,j)∈N
i<j
Xij · ζS(G−1ij ) = −
1
κ
∑
(i,j)∈N
i<j
|Xij |θij
(
Xij
|Xij |
)
· nˆij .
The stationary phase with respect to the integrals over nˆij ∈ S2 is given by Xij|Xij | · nˆij = ±1.
Now the two solutions correspond to opposite orientations of the boundary, both contributing
to the dominant phase with opposite signs, again turning the exponential into a cosine. Thus,
we obtain
A˜loPR(Xij) ∝
∫ [ ∏
(i,j)∈N
i<j
dθij
(
sin θij
θij
)2 ][ ∏
v∈∂∆
δ(Hv(Gij))
]
×
[∏
i
δ?
( ∑
(i,j)∈N
j>i
Xij −
∑
(i,j)∈N
j<i
Ad−1Gij Xji
)]
? cos
(
i
~κ
∑
(i,j)∈N
i<j
|Xij |θij
)
, (5.10)
where Gij ≡ exp(−iθij(Xij/|Xij |) · ~σ) and the (sin θij/θij)2 factors arise from the Haar mea-
sure. The second order expression may be obtained by solving the constraint equations for the
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boundary dihedral angles θij in terms of the edge vectors Xij , and substituting into the above
formula. This leads to an expression of the form
A˜loPR(Xij) ∝ cos
(
i
~κ
∑
i,j
i<j
|Xij |θij(Xkl)
)
.
This is the second order Regge action in terms of only the boundary metric data.
Thus, we have verified that the non-commutative variational method for the stationary phase
approximation leads to the correct classical geometric constraints for the Ponzano–Regge model
and agrees with the exact analysis of the amplitude. A similar result was obtained by us for
the dual non-commutative representation of quantum mechanics on the group SO(3) previously
in [45]. The use of such a non-commutative variational method may be motivated by noting that,
in calculating transition amplitudes for boundary states, A˜PR(Xij) acts as an integral kernel with
respect to the ?-product, and not with respect to the commutative pointwise product. However,
more work on this point is certainly needed in order to achieve a better understanding that would
definitely settle the issue. Granting the use of the non-commutative stationary phase method,
we have thus shown that the phase space path integral for the Ponzano–Regge model obtained
through the non-commutative Fourier transform facilitates a straigthforward asymptotic analysis
of the classical limit of the model. We also showed that the semi-classical approximation to the
amplitude is given by the cosine of the Regge action, in agreement with previous studies [17].
Finally, we would like to comment on our saddle point analysis in comparison with the
existing ones in the literature [15, 17]. Besides not having a real-valued contribution to the
exponent (that is, an imaginary contribution to the classical action), and thus having a simpler
variational principle given by a standard (albeit non-commutative) saddle point approximation,
we also do not have any logarithmic term. In other words, the flux representation of the
spin foam model gives a discrete BF path integral in terms of the standard classical action. The
choice of quantization map affects the exact form of such discrete classical action, but in a rather
minor way. In fact, it leads to a discretization of the continuum curvature in terms of either
the holonomy of the connection (a group element), for the FLM map, or its logarithm (a Lie
algebra element), for the Duflo map. In general, the analysis appears to be more straightforward,
than the one based on the spin (or coherent state) representation, as one would expect from
a straightforward path integral representation. We will exemplify this comparison in the simple
case of a triangulation formed by a single tetrahedron.
6 Semi-classical limit for a tetrahedron
To conclude our asymptotic analysis, we consider in this section the relation of the classical limit
of Ponzano–Regge amplitudes in terms of non-commutative boundary metric variables to the
usual formulation of spin foam asymptotics as the large spin limit in the spin representation. We
will restrict our treatment to the case of a single tetrahedron, since in this case the asymptotics
for the Ponzano–Regge amplitude is simple and well-known in the literature. In particular,
it has been found that (for non-degenerate boundary data) the amplitude of a tetrahedron is
approximated in the large spin limit by the cosine of the Regge action [17, 36]. We derive this
result from the asymptotic behavior obtained through the non-commutative phase space path
integral, and thus establish a firm connection between the two asymptotic analyses.
For a single tetrahedron the Ponzano–Regge amplitude with boundary connection data reads
APR(gij) =
∫ [∏
i
dhi
]∏
i,j
i<j
δ(gijh
−1
j hig
−1
ji ) (6.1)
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where i, j = 1, . . . , 4 label the boundary triangles, and the notation is chosen as in Fig. 2.8 The
deltas impose flatness of the connection around all six wedges of the tetrahedra (see Fig. 1,
where wedges are illustrated in grey). Now, this amplitude may be transformed into other
representations described by other types of boundary data using different bases of functions
on SU(2). In particular, as already explained above, one may transform the amplitude into the
basis given by the non-commutative plane waves, in which case the amplitude is expressed as
a function of non-commutative boundary edge vectors. Adopting for convenience the symmetric
quantization map, this yields
A˜PR(Xij) =
∫ [∏
i,j
dgijE(gij , Xij)
]
APR(gij) =
∫ [∏
i,j
dgij
][∏
i
dhi
][∏
i,j
i<j
dYji
]
× exp
{
i
~
(∑
i,j
i<j
Yij · ζS
(
gijh
−1
j hig
−1
ji
)−∑
i,j
Xij · ζS(gij)
)}
.
We emphasize that this is again nothing but the first order action for discrete 3d gravity with
boundary terms. Let us briefly sketch the asymptotic analysis for the Ponzano–Regge amplitude
for a tetrahedron in non-commutative boundary metric variables. As before, by studying the
non-commutative variations of the action
SPR =
∑
i,j
i<j
Yij · ζS
(
gijh
−1
j hig
−1
ji
)−∑
i,j
Xij · ζS(gij)
we recover as stationary phase solutions in the classical limit the constraint equations
• Wedge flatness9: gijh−1j hig−1ji = 1 for all i < j,
• Identification of boundary edge vectors: Adgij Xij = Yij = −Adgji Xji for all i < j, and
• Closure of the boundary edge vectors: ∑
j 6=i
ijXji = 0 for all i.
We then substitute these identities into the amplitude, whereby we find
A˜loPR(Xij) ∝
∫ [∏
i,j
dgij
][ ∏
v∈∂∆
δ(Hv(gij))
][∏
i
δ?
(∑
j>i
Xij −
∑
j<i
Adg−1ij gji
Xji
)]
? exp
{
i
~
∑
i,j
i<j
Xij · ζS
(
g−1ij gji
)}
(6.2)
as the leading order contribution in ~ to the amplitude. Here, δ(Hv(gij)) impose flatness of
holonomies around all boundary vertices v ∈ ∂∆ of the tetrahedron, which arise from the delta
functions δ(gijh
−1
j hig
−1
ji ) by integrating over all hi. More precisely, we obtain the constraint
only for three of the four vertices, which already imposes flatness for the fourth vertex as well.
These conditions are nothing else than the Hamiltonian constraint of 3d gravity, generating
the simplicial diffeomorphisms at each vertex of the triangulation (see, for example, [3, 5]).
We may further apply a change of variables by denoting Gij := g
−1
ji gij and Gji = G
−1
ij for all
i < j. Again, these are the group elements that represent parallel transports between centers of
boundary triangles, and are therefore naturally related to the dihedral angles of Regge calculus.
8Of course, in the case of a single tetrahedron Kij = 1 for all i, j, since the paths along which Kij parallel
transport (as in Fig. 2) are of length 0.
9This is basically the condition enforcing the piece-wise flat situation, i.e., the flatness of the tetrahedron.
Asymptotic Analysis of the Ponzano–Regge Model with NC Metric Boundary Data 25
As before in the more general case, one may further decompose the integrals over group elements
Gij into integrals over dihedral class angles θij := κ|ζS(Gij)| and integrals over unit vectors
nˆij := ζS(Gij)/|ζS(Gij)| ∈ S2. The stationary phase equations for the unit vectors nˆij lead to
the expression
A˜loPR(Xij) ∝
∫ [∏
i,j
i<j
dθij
(
sin θij
θij
)2 ][ ∏
v∈∂∆
δ(Hv(Gij))
][∏
i
δ?
(∑
j>i
Xij −
∑
j<i
Ad−1Gij Xji
)]
? cos
(
i
~κ
∑
i,j
i<j
|Xij |θij
)
, (6.3)
which is just the formula (5.10) for a single tetrahedron. The argument of the cosine in (6.3) is
the first order Regge action for a tetrahedron.
As the Regge action has previously been recovered in the semi-classical limit of the Ponzano–
Regge model in the spin representation by using coherent states, we wish to link our calculation
to the spin basis, which is given by the SU(2) Wigner D-matrices Djkl(g). We find for the
Ponzano–Regge amplitude in the spin basis
A˜PR(jij ; kij , lij) =
∫ [∏
i,j
dgij D
jij
kij lij
(gij)
]
APR(gij)
=
{
j12 j13 j14
j23 j24 j34
}[∏
i<j
δjijjjiδkijkji
](
j21 j31 j41
l21 l31 l41
)(
j21 j32 j42
−l12 l32 l42
)
×
(
j31 j32 j43
−l13 −l23 l43
)(
j41 j42 j43
−l14 −l24 −l34
)
, (6.4)
where we introduced the SU(2) 6j-symbol and the 3jm-symbol, familiarly denoted as{
j1 j2 j3
j4 j5 j6
}
and
(
j1 j2 j3
m1 m2 m3
)
,
respectively, which are the basic building blocks of Ponzano–Regge model in the spin representa-
tion. Typically, to study the asymptotics of spin foams one considers the formula for the square
of the 6j-symbol expressed in terms of integrals over SU(2) characters χj : SU(2)→ C as{
j12 j13 j14
j23 j24 j34
}2
=
∫ [∏
i,j
dgij
][∏
i
dhi
][∏
i<j
χjij
(
gijh
−1
j hig
−1
ji
)]
, (6.5)
where gij correspond to boundary connection variables, and hi correspond to parallel transports
from the boundary triangles to the center of the tetrahedron, as before. This corresponds to the
Ponzano–Regge amplitude for a tetrahedron with fixed quantized edge lengths, since by fixing
the boundary connection gij and summing over all jij (with weights (2jij + 1)) we arrive again
at (6.1). More accurately, from (6.4) we find{
j12 j13 j14
j23 j24 j34
}2
=
∑
jji
i<j
∑
kij ,lij
[∏
i<j
δlij lji
]
A˜PR(jij ; kij , lij).
Thus, denoting still by A˜PR(jij ; kij , lij) the amplitude, where we have set jji = jij , kij = kji and
lij = lji, we may write{
j12 j13 j14
j23 j24 j34
}2
=
∑
kij ,lij
A˜PR(jij ; kij , lij). (6.6)
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Let us define functions
Djmˆnˆ(g) :=
〈
j, mˆ|Dj(g)|j, nˆ〉 ≡ 〈12 , mˆ|D 12 (g)|12 , nˆ〉2j ,
where Dj(g) are the SU(2) Wigner matrices of spin-j representation, and |j, mˆ〉 are Perelomov
coherent states [46] on SU(2) labelled by a representation j ∈ {n2 : n ∈ N} and a unit vector
mˆ ∈ S2. By applying the decomposition of unity in terms of the Perelomov coherent states
(2j + 1)
∫
S2
dmˆ
4pi
|j, mˆ〉〈j, mˆ| = 1j ,
it is easy to show that Djmˆnˆ(g) constitute an over-complete basis of functions on SU(2), as we
have
δ(g−1g′) =
∑
j
(2j + 1)3
∫
S2
dmˆ
4pi
∫
S2
dnˆ
4pi
Djmˆnˆ(g)D
j
mˆnˆ(g
′).
Similarly, for the SU(2) character function we may write
χj(g) = tr(Dj(g)) = (2j + 1)
∫
S2
dmˆ
4pi
Djmˆmˆ(g). (6.7)
In the following, without a serious danger of confusion, we will denote the spin-12 representation
Wigner matrices and coherent states simply by D
1
2 (g) =: g and |12 , mˆ〉 =: |mˆ〉, respectively, so
in our notation Djmˆnˆ(g) ≡ 〈mˆ|g|nˆ〉2j . Using (6.7), the 6j-symbol (6.5) may be re-expressed as{
j12 j13 j14
j23 j24 j34
}2
=
[∏
i,j
(2jij + 1)
2
∫
dmˆij
4pi
dnˆij
4pi
]
AˆPR(jij ; mˆij , nˆij). (6.8)
This is simply the equation (6.6) transformed into the coherent state basis. Here, AˆPR(jij ; mˆij ,
nˆij) is indeed the Ponzano–Regge amplitude for a single tetrahedron with the coherent state
labels as boundary metric data, which may be written as
AˆPR(jij ; mˆij , nˆij) =
∫ [∏
i,j
dgij D
jij
mˆij nˆij
(gij)
]
APR(gij)
=
{
j12 j13 j14
j23 j24 j34
}[∏
i,j
i<j
δjijjjiδ
jij
mˆij ,−mˆji
]∏
i
(
jij1 jij2 jij3
nˆij1 nˆij2 nˆij3
)
, (6.9)
where we denote δ
jij
mˆij ,−mˆji := 〈mˆij | − mˆji〉2jij , and(
j1 j2 j3
nˆ1 nˆ2 nˆ3
)
:=
∑
ki
(
j1 j2 j3
k1 k2 k3
)
〈j1, k1|j1, nˆ1〉〈j2, k2|j2, nˆ2〉〈j3, k3|j3, nˆ3〉
is the Wigner 3jm-symbol in the coherent state basis.
On the other hand, we may write the same amplitude (6.9), transformed from the non-
commutative variables, as
AˆPR(jij ; mˆij , nˆij) =
∫ [∏
i,j
i<j
dXij
(2pi~)3
D˜
jij
mˆij nˆij
(Xij)
]
? A˜PR(Xij), (6.10)
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where, adopting for convenience the non-commutative structure associated to the symmetric
quantization map, we denote by
D˜jmˆnˆ(X) :=
∫
dg
κ3
E(g,X)Djmˆnˆ(g) =
∫
dg
κ3
exp
{
i
~
[−2i~j ln〈mˆ|g|nˆ〉 − ζS(g) ·X]
}
(6.11)
the non-commutative Fourier transform of Djmˆnˆ(g). Now, let us consider the stationary phase
approximation of the expression (6.10). The exponential in (6.11) has real and imaginary parts,
both of which must be taken into account in the stationary phase approximation. For the non-
commutative stationary phase equations of this expression in the classical limit ~→ 0, j →∞,
~j = const, we obtain by a straightforward calculation nˆ = Adg mˆ and 2~jmˆ = 1κX. Note
that, since we had already understood the X variables as the classical discrete BF variables, this
result confirms that the coherent state variables acquire the correct geometric interpretation in
the classical limit.
Then, from (6.2) and 2~κjijmˆij = Xij , nˆij = Adgij mˆij , we have for the classical limit of (6.10)
the expression
AˆPR(jij ; mˆij , nˆij) ∝
∫ [∏
i,j
dgij
][ ∏
v∈∂∆
δ(Hv(gij))
]
×
[∏
i
δ
(∑
j>i
jijmˆij −
∑
j<i
Adg−1ij gji
jjimˆji
)]
×
[ ∏
(i,j)∈N
i<j
δ(nˆij −Adgij mˆij)
]
exp
{
i
~
∑
i,j
i<j
2~jijmˆij · ζS
(
g−1ij gji
)}
× (1 +O(~)),
where the variation with respect to Xij gives the identification of the group elements of the two
asymptotic expressions. Equating the above with the classical limit of the expression (6.9) and
integrating on both sides over all mˆij , nˆij as in (6.8) yields{
j12 j13 j14
j23 j24 j34
}2
∝
∫ [ ∏
(i,j)∈N
i<j
dmˆijdGij
]
exp
{
i
~
∑
(i,j)∈N
i<j
2~jijmˆij · ζS(Gij)
}(
1 +O(~)),
where the integral is over sets of unit vectors {mˆij} such that the edge vectors 2~κjijmˆij satisfy
the closure constraints for each triangle fi ∈ ∂∆ up to parallel transports given by Gij . As
above leading to (6.3) and the first order Regge action, we may further decompose the integrals
over Gij into integrals over dihedral class angles and unit vectors. The stationary phase of the
exponential of the above amplitude in this limit is again given by the first order Regge action
SRegge =
∑
(i,j)∈N
i<j
2~jijθij , θij ∈ (−pi, pi),
but now in terms of the coherent state variables. In essence, the result follows simply because in
the classical limit the combination 2~κjijmˆij of coherent state variables gets identified with the
true phase space variables, the edge vectors Xij . This identification is due to the asymptotic
behavior of the function D˜jmˆnˆ(X) defined in (6.11), which mediates the transformation between
the coherent state basis and the non-commutative basis.
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7 Conclusions and comments
Let us then summarize our results. We applied the non-commutative Fourier transform to
express the Ponzano–Regge spin foam amplitude as a first order phase space path integral,
which took the form of a discrete BF theory with standard classical action in terms of non-
commutative metric boundary data. The choice of the quantization map for the geometric
observables was seen to be intimately connected to the choice of a discretization for the 3d
BF theory. The path integral reformulation then allowed us to study conveniently the classical
approximation to the full amplitude.
We discovered that depending on the choice of a non-commutative structure arising from
the deformation quantization applied to the geometric observables, different limiting behaviors
appear for the boundary data in the classical limit, when we apply the ordinary ‘commutative’
variational calculus to find the stationary phase solutions. Furthermore, in this case, the con-
straints that arise as the classical equations of motion generically do not correspond to discrete
geometries, since the edge vectors in the constraint equations are deformed due to the non-
linearity of the group manifold. We verified our observation by considering as explicit examples
the non-commutative structures that arise from symmetric, Duflo and Freidel–Livine–Majid
quantization maps.
Accordingly, we were led to consider a non-commutative variational method to extract the sta-
tionary phase behavior, which was motivated by the fact that the amplitude for non-commutative
metric boundary data acts as the integral kernel in the propagator with respect to the corre-
sponding ?-product, and not the commutative product. We showed that the non-commutative
variations produce the correct geometric constraints for the discrete metric boundary data in the
classical limit. Thus, we concluded that only by taking into account the deformation of phase
space structure in studying the variations, we find the undeformed and unambiguous geometric
constraints, independent on the choice of the quantization map.
Finally, we considered the asymptotics of the SU(2) 6j-symbol, which is related to the
Ponzano–Regge amplitude for a tetrahedra with fixed quantized edge lengths. We found the
Regge action, previously recovered in the large spin limit of the 6j-symbol, in the classical limit.
Our calculations thus not only verify the previous results, but also allows for a better under-
standing of them due to the clear-cut connection to the phase space of classical discretized 3d
gravity. This concrete example also illustrates the use of the non-commutative path integral
as a computational tool. On the other hand, the full agreement of the results obtained via
the non-commutative method with those obtained via ordinary commutative stationary phase
method in the coherent state representation further validates the use of the non-commutative
variations in extracting the asymptotic behavior of the amplitude in the classical limit.
There are several conclusions and further directions of research pointed to by our results.
First and foremost, we have seen that the non-commutative metric representation obtained
through the non-commutative Fourier transform facilitates a full asymptotic analysis of spin
foam models, when proper care is taken in applying variational methods to the first order
path integral. In particular, by studying the non-commutative variations one may recover the
classical geometric constraints for all cases of non-commutative structures. The need for a non-
commutative variational method requires further analysis, and must be taken into account in
any future application of the non-commutative methods to spin foam models. Our consideration
of the 6j-symbol asymptotics further illustrates the usefulness of the non-commutative methods.
As the non-commutative Fourier transform formalism has recently been extended to all ex-
ponential Lie groups [27], in particular the double-cover SL(2,C) of the Lorentz group, we look
forward to extending the asymptotic analysis to the 4d spin foam models in future work, now
equipped with the improved understanding of the methods involved. In particular, it will be
interesting to see how the simplicity constraints turn out to be imposed on the non-commutative
Asymptotic Analysis of the Ponzano–Regge Model with NC Metric Boundary Data 29
metric variables in the phase space path integral measure for the different spin foam models pro-
posed in the 4-dimensional case. The current formulation of 4d models uses the non-commutative
Fourier transform for the BF variables (based on SO(4), but extendable to Lorentzian models
with SL(2,C)), on which the simplicity constraints are imposed. The advantages of the non-
commutative formulation are twofold: First, the simplicity constraints may be imposed in a very
geometrically transparent and natural way via insertions of non-commutative delta functions in
the amplitudes, as one would expect. Secondly, in such variables, the spin foam amplitudes
take again, as in the 3d case, the explicit form of simplicial gravity path integrals. As we have
shown in this paper, this will greatly facilitate the semi-classical analysis, which would proceed
in entirely the same fashion as the one performed here. Such an analysis may help to elucidate
the differences between the geometric properties of the current 4d models, and even to propose
new models with improved geometric behavior in the semi-classical limit.
A Infinitesimal Baker–Campbell–Hausdorff formula
In order to calculate the deformation matrix (5.7) for the symmetric quantization map, we need
to compute Lie derivatives L˜kζS,l of the coordinates ζS = − iκ ln(g) on SU(2). To do this, we derive
the explicit form of the Baker–Campbell–Hausdorff formula B(k, k′) in eik·~σeik′·~σ ≡ eiB(k,k′)·~σ
for the case, when one of the arguments is infinitesimal. We may write
cos |B(k, k′)|1 + isin |B(k, k
′)|
|B(k, k′)| B(k, k
′) · ~σ
=
(
cos |k|1 + isin |k||k| k · ~σ
)(
cos |k′|1 + isin |k
′|
|k′| k
′ · ~σ
)
=
(
cos |k| cos |k′| − sin |k||k|
sin |k′|
|k′| (k · k
′)
)
1
+ i
(
cos |k′|sin |k||k| k + cos |k|
sin |k′|
|k′| k
′ − sin |k||k|
sin |k′|
|k′| (k ∧ k
′)
)
· ~σ,
where by ∧ we denote the cross-product in R3, from which one can extract
cos |B(k, k′)| = cos |k| cos |k′| − sin |k||k|
sin |k′|
|k′| (k · k
′),
sin |B(k, k′)|
|B(k, k′)| B(k, k
′) = cos |k′|sin |k||k| k + cos |k|
sin |k′|
|k′| k
′ − sin |k||k|
sin |k′|
|k′| (k ∧ k
′).
From these identities it is not too difficult to find a closed form for the Baker–Campbell–
Hausdorff formula for SU(2) in terms of elementary functions [27]. However, we will only
need to consider the special case k′ = tek, where t > 0 is an expansion parameter, and ek,
k = 1, 2, 3, are orthonormal basis vectors in R3. Then we obtain the deformation matrix as
DSkl(g) = L˜kζS,l(g) = ddtB(k(g), tek)l
∣∣
t=0
, i.e., it is the t-linear term in B(k(g), tek)l. From above
we have
sin |B(k, tek)|
|B(k, tek)| B(k, tek)l =
sin |k|
|k| kl + t (cos |k|δkl − (k ∧ ek)l) +O
(
t2
)
,
from which we may deduce
|B(k, tek)| = |k|+ t kk|k| +O
(
t2
)
,
1
sin |B(k, tek)| =
1
sin |k|
(
1− tcos |k|
sin |k|
kk
|k|
)
+O(t2).
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Using these formulae, we get
B(k, tek)l = kl + t
|k|
sin |k|
[
cos |k|δkl +
(
sin |k|
|k| − cos |k|
)
kkkl
|k|2 − 
m
kl km
]
+O(t2),
and so
DSkl(g) =
|k(g)|
sin |k(g)|
[
cos |k(g)|δkl +
(
sin |k(g)|
|k(g)| − cos |k(g)|
)
kk(g)kl(g)
|k(g)|2 − 
m
kl km(g)
]
. (A.1)
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